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Fundamental solutions for two- and three-dimensional linear isotropic size-dependent couple stress elas-
ticity are derived, based upon the decomposition of displacement ﬁelds into dilatational and solenoidal
components. While several fundamental solutions have appeared previously in the literature, the present
version is for the newly developed fully determinate couple stress theory. Within this theory, the couple
stress tensor is skew-symmetrical and thus possesses vectorial character. The present derivation provides
solutions for inﬁnite domains of elastic materials under the inﬂuence of unit concentrated forces and
couples. Unlike all previous work, unique solutions for displacements, rotations, force-stresses and
couple-stresses are established, along with the corresponding force-tractions and couple-tractions. These
fundamental solutions are central in analysis methods based on Green’s functions for inﬁnite domains
and are required as kernels in the corresponding boundary integral formulations for size-dependent
couple stress elastic materials.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
It has long been suggested that the strength ofmaterials has size-
dependency in smaller scales. Recently, in Hadjesfandiari and
Dargush (2011), we have developed the consistent size-dependent
couple stress theory for solids. Unlike previous work, this theory in-
volves only true continuum kinematical quantities without re-
course to any additional artiﬁcial degrees of freedom. By using the
deﬁnition of admissible boundary conditions, along with kinematic
and energy considerations, we have shown that the couple-stress
tensor has a vectorial character and that the body couple is not dis-
tinguishable from the body force. The work also demonstrates that
the stresses are fully determinate and the measure of deformation
energetically-conjugate to couple-stress is the skew-symmetrical
mean curvature tensor. This development can be extended quite
naturally into many branches of continuum mechanics, including,
for example, elastoplasticity and piezoelectricity. However, the ﬁrst
step is the development of inﬁnitesimal linear isotropic elasticity,
which involves only a single size-dependent constant.
Since this theory is muchmore complicated than Cauchy elastic-
ity, analytical solutions are rare and, consequently, numerical
formulations are needed to solve more general size-dependent
couple stress elastic boundary value problems. Interestingly, it
seems the boundary element method is a suitable numerical tool
to solve a wide range of couple stress elastic boundary value prob-
lems. However, this requires the free space Green’s functions orll rights reserved.
x: +1 (716) 645 2883.
diari), gdargush@buffalo.edufundamental solutions as the required kernels to transform the
governing equations to a set of boundary integral equations. These
fundamental solutions are the elastic solutions for an inﬁnitely ex-
tended domain under the inﬂuence of unit concentrated forces and
couples. The importance of these fundamental solutions is en-
hanced further, when we notice that the free space Green’s func-
tions play a direct role in the solution of many practical problems
for inﬁnite domains.
In previous work, Mindlin and Tiersten (1962) have given the
necessary potential functions for obtaining the three-dimensional
displacement fundamental solutions in their indeterminate isotro-
pic couple stress elasticity theory. Chowdhury and Glockner
(1974) provide analogous functions by amatrix inversion technique
for steady state vibration. Interestingly, we ﬁnd that our linear equi-
libriumequations in terms of displacements in the determinate the-
ory are identical to those in the indeterminate theory ofMindlin and
Tiersten (1962) and Koiter (1964) for an isotropic material. This
means the above displacement solutions are valid in our consistent,
fully determinate theory. However, due to the indeterminacy of
stresses, appearance of body couples independent of body force
and existence of two size-dependent elastic constants, the corre-
sponding stresses were not obtainable within the previous couple
stress theory. It should be emphasized that the present consistent
couple stress theory is not a special case of the Mindlin–Tiersten–
Koiter theory. A full explanation is provided in Appendix A.
In the present work, we obtain all two- and three-dimensional
displacement and stress fundamental solutions for our consistent
isotropic couple stress elasticity. Within this theory, everything is
fully determinate and depends on only a single size-dependent
material constant. For the three-dimensional case, we derive the
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then determine the corresponding stresses.
Two-dimensional stress fundamental solutions have been pre-
sented in Huilgol (1967) only for concentrated force, based on
the indeterminate couple-stress theory developed by Mindlin
(1963a,b). Hadjesfandiari and Dargush (2011) have shown that
some of these developments for plane problems remain useful in
our determinate couple stress elasticity. However, we should
remember in Mindlin’s theory, there is an extra material constant,
along with indeterminacy in the spherical part of the couple-stress
tensor. Here we derive the complete two-dimensional fundamen-
tal solutions for point force and point couple, including displace-
ments, force- and couple-stresses with a method similar to that
used in the three-dimensional case.
Before continuing with the development for couple stress elas-
ticity, we should mention the work to develop fundamental solu-
tions within the framework of micropolar elasticity by Hirashima
and Tomisawa (1977), Sandru (1966), Khan et al. (1971), Dragos
(1984), Scarpetta (1990) and Sladek and Sladek (2003). Although
their results have some similarities to our fundamental solutions,
we should emphasize that microrotations are not a fully consistent
continuum mechanics concept (Hadjesfandiari and Dargush,
2011). As another alternative, strain gradient theories have been
developed. Here we mention the work on fundamental and singu-
lar solutions by Tsepoura et al. (2002), Polyzos et al. (2003), Karlis
et al. (2007), Fannjiang et al. (2002) and Chan et al. (2006, 2008).
2. Basic equations of consistent couple stress theory
Let us assume the three-dimensional coordinate system x1x2x3
as the reference frame with unit vectors e1, e2 and e3. Consider a
material continuum occupying a volume V enclosed by boundary
surface S. In a continuum mechanical theory for size-dependent
couple stress materials, the equations of equilibrium become
rji;j þ Fi ¼ 0 ð1Þ
lji;j þ eijkrjk ¼ 0 ð2Þ
where rji and lji are force- and couple-stress tensors, and Fi is the
body force per unit volume of the body. Within this theory, the true
(polar) force-stress tensor is generally non-symmetric and can be
decomposed as
rji ¼ rðjiÞ þ r½ji ð3Þ
where rðjiÞ and r½ji are the symmetric and skew-symmetric parts,
respectively. In Hadjesfandiari and Dargush (2011), we have shown
that in a continuum mechanics theory, the pseudo (axial) couple-
stress tensor is skew-symmetrical. Thus,
lji ¼ lij ð4Þ
Therefore, the true couple-stress vector li dual to the tensor lij
can be deﬁned by
li ¼
1
2
eijklkj ð5Þ
Then, the angular equilibrium equation gives the skew-symmetric
part of the force-stress tensor as
r½ji ¼ l½i;j ð6Þ
The polar force-traction vector at a point on a surface with unit nor-
mal vector ni can be expressed as
tðnÞi ¼ rjinj ð7Þ
Similarly, the pseudo moment-traction vector can be written
mðnÞi ¼ ljinj ¼ eijknjlk ð8ÞHadjesfandiari and Dargush (2011) have shown that in couple
stress materials, the body couple is not distinguishable from the
body force. The body couple Ci transforms into an equivalent body
force 12 eijkCk;j in the volume and a force-traction vector
1
2 eijkCjnk on
the bounding surface. In vectorial form, this means
Fþ 1
2
r C! F in V ð9Þ
and
tðnÞ þ 1
2
C n! tðnÞ on S ð10Þ
This is the ﬁrst important result required for the development of the
fully determinate couple stress theory.
In addition, there is a need to introduce the appropriate
kinematical and constitutive relations. As an initial step, the
displacement gradients are decomposed into symmetrical and
skew-symmetrical components, such that
ui;j ¼ eij þxij ð11Þ
where
eij ¼ uði;jÞ ¼ 12 ðui;j þ uj;iÞ ð12Þ
xij ¼ u½i;j ¼ 12 ðui;j  uj;iÞ ð13Þ
Since the rotation tensor xij is skew-symmetrical, one can intro-
duce a dual axial rotation vector, such that
xi ¼ 12 eijkxkj ð14Þ
In the usual inﬁnitesimal Cauchy elasticity, only the symmetric
strain tensor eij contributes to the elastic energy. However, in the
size-dependent couple stress elastic theory, mean curvatures jij
also play a role, where
jij ¼ x½i;j ¼ 12 ðxi;j xj;iÞ ð15Þ
Since the pseudo mean curvature tensor jij is also skew-symmetri-
cal, we can rewrite it in terms of its dual true mean curvature vector
ji, where
ji ¼ 12 eijkjkj ð16Þ
In Hadjesfandiari and Dargush (2011), we derive the general consti-
tutive relations for an elastic material, where elastic energy is ex-
pressed in terms of the symmetrical strain tensor eij and the
mean curvature vector ji. Interestingly, for linear isotropic elastic
media, the following constitutive relations can be written for the
symmetric part of the force-stress tensor and couple-stress vector,
respectively
rðjiÞ ¼ kekkdij þ 2leij ð17Þ
li ¼ 8gji ð18Þ
and as a result for the skew-symmetric part of the force-stress ten-
sor, we have
r½ji ¼ l½i;j ¼ 8gj½j;i ¼ 2geijkr2xk ð19Þ
Therefore, the total force-stress tensor becomes
rji ¼ kekkdij þ 2leij þ 2geijkr2xk ð20Þ
Here k and l are the usual Lamé elastic moduli, while g is the sole
additional parameter that accounts for couple stress effects in an
isotropic material.
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W ¼ We þWj ¼ 12rðjiÞeij þ
1
2
ljijij ¼
1
2
rðjiÞeij  liji ð21Þ
By using constitutive relations (17) and (18) in (21), this can be
written as
W ¼ 1
2
kðekkÞ2 þ leijeij þ 8gjiji ð22Þ
The following restrictions on elastic constants are obtained by
requiring positive deﬁnite elastic energy density:
3kþ 2l > 0; l > 0; g > 0 ð23Þ
The ratio
g
l ¼ l
2 ð24Þ
speciﬁes the characteristic material length l in the small deforma-
tion size-dependent elasticity theory under consideration here.
Consequently, the constitutive relations (18) and (19) become
li ¼ 8ll2ji ð25Þ
r½ji ¼ l½i;j ¼ 2ll2eijkr2xk ð26Þ
It also should be noticed that
k ¼ 2l m
1 2m ð27Þ
where m represents the usual Poisson ratio. Therefore, (17) can be
written as
rðjiÞ ¼ 2l m1 2m ekkdij þ eij
 
ð28Þ
and the total stress tensor becomes
rji ¼ 2l m1 2m ekkdij þ eij
 
þ 2ll2eijkr2xk ð29Þ
After substituting (29) into (1), we can rewrite the governing differ-
ential equations in terms of the displacement and body force den-
sity ﬁelds as
ðkþ lþ ll2r2Þuk;ki þ lð1 l2r2Þr2ui þ Fi ¼ 0 ð30Þ
or in vectorial form as
ðkþ lþ ll2r2Þrðr  uÞ þ lð1 l2r2Þr2uþ F ¼ 0 ð31Þ
We use the direct decomposition method in the present work to de-
rive the displacement fundamental solutions. Afterwards, we con-
tinue by developing the corresponding rotations, curvatures and
fully-determinate force- and couple-stresses and tractions, which
has previously not been possible. This, in turn, enables the formula-
tion of new boundary integral representations and the development
of boundary element methods to solve a broad range of couple
stress elastostatic boundary value problems in both two- and
three-dimensions.
3. Fundamental solutions for three-dimensional case
In this section, we derive the fundamental solutions for the
three-dimensional case. As was mentioned, these are the elastic
solutions of an inﬁnitely extended domain under the inﬂuence of
unit concentrated forces and couples. In Appendix B, we explore
the singular behavior of these fundamental solutions.
3.1. Concentrated force
Assume that in the inﬁnitely extended material, there is a unit
concentrated force at the origin in an arbitrary direction speciﬁedby the unit vector a. This concentrated force can be represented
as a body force
F ¼ dð3ÞðxÞa ð32Þ
where dð3ÞðxÞ is the Dirac delta function in three-dimensional space.
We know that
dð3ÞðxÞ ¼ r2 1
4pr
 
ð33Þ
where r is the distance from the origin to x. By applying the vecto-
rial relation
r ðr GÞ ¼ rðr  GÞ  r2G ð34Þ
for the vector  14pr a, we decompose the body force as
F ¼ r2 1
4pr
 
a ¼ r r a
4pr
 
r r  a
4pr
 
ð35Þ
Consider the decomposition of the resulting displacement uF as
uF ¼ uð1Þ þ uð2Þ ð36Þ
where uð1Þ and uð2Þ are the dilatational and solenoidal part of dis-
placement uF satisfying
r uð1Þ ¼ 0 ð37Þ
r  uð2Þ ¼ 0 ð38Þ
Then, it is seen that
ðkþ 2lÞr2uð1Þ ¼ r r  a
4pr
 
ð39Þ
ll2r2r2uð2Þ  lr2uð2Þ ¼ r r a
4pr
 
ð40Þ
If we introduce two vectors Að1Þ and Að2Þ, such that
uð1Þ ¼ r r  Að1Þ
 
ð41Þ
uð2Þ ¼ r r Að2Þ
 
¼ r r  Að2Þ
 
r2Að2Þ ð42Þ
then we see that they satisfy the conditions in (37) and (38), respec-
tively, and therefore
ðkþ 2lÞr2Að1Þ ¼ a
4pr
ð43Þ
ll2r2r2Að2Þ  lr2Að2Þ ¼ a
4pr
ð44Þ
These solutions should be in the form
Að1Þ ¼ ua ð45Þ
Að2Þ ¼ wa ð46Þ
where u and w are scalar functions of r having radial symmetry.
Therefore,
r2u ¼ 1
4pðkþ 2lÞr ð47Þ
l2r2r2wr2w ¼ 1
4plr
ð48Þ
where r2 is the laplacian operator in three dimensions. Because of
radial symmetry, this operator reduces to
r2 ! d
2
dr2
þ 2
r
d
dr
¼ 1
r2
d
d
r2
d
dr
 
ð49Þ
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u ¼ 1
8pðkþ 2lÞ r ð50Þ
w ¼ l
2
4pl
er=l  1
r
 1
8pl
r ð51Þ
Therefore, we have
Að1Þ ¼ 1
8pðkþ 2lÞ ra ð52Þ
Að2Þ ¼  l
2
4pl
1 er=l
r
a 1
8pl
ra ð53Þ
Now from (41)
uð1Þi ¼
1
8pðkþ 2lÞ
1
r
diq  xixqr2
 
aq ð54Þ
By using the relation in (27), we have
kþ 2l ¼ 2l 1 m
1 2m ð55Þ
and (54) can be written as
uð1Þi ¼
1 2m
16plð1 mÞ
1
r
diq  xixqr2
 
aq ð56Þ
It is also seen that from (42)
uð2Þi ¼ w;iq þ
1
4pl
1 er=l
r
diq
 
aq ð57Þ
and by using (51), we obtain
uð2Þi ¼
1
4pl
l2
r3
3þ 3 r
l
þ r
2
l2
 
er=l  3
 
xixq
r2

þ 1 1þ r
l
þ r
2
l2
 
er=l
 
diq
	
aq þ 18pl
1
r
xixq
r2
þ diq
 
aq ð58Þ
and for the total displacement, we have
uFi ¼ uð1Þi þ uð2Þi ¼
1
16plð1 mÞ
1
r
ð3 4mÞdiq þ xixqr2
h i
aq
þ 1
4pl
l2
r3
3þ 3 r
l
þ r
2
l2
 
er=l  3
 
xixq
r2

þ 1 1þ r
l
þ r
2
l2
 
er=l
 
diq
	
aq ð59Þ
Notice that the ﬁrst part of this relation is the displacement from
Cauchy elasticity.
In our determinate theory, we can now derive determinate
stresses. These force- and couple-stresses are developed in the fol-
lowing. As a ﬁrst step in that direction, we ﬁnd that the gradient of
displacement from (59) is
uFi;j ¼
1
16plð1 mÞ
1
r2
ð3 4mÞ xj
r
diq þ dijxq þ djqxir 
3xixjxq
r3
 	
aq
þ 1
4pl
l2
r4
15 15þ 15 rl þ 6 r
2
l2
þ r3
l3
 
er=l
n o
xixjxq
r3
h
þ 3þ 3 r
l
þ r
2
l2
 
er=l  3
 
dijxq þ djqxi þ diqxj
r
	
aq
þ 1
4pl
1
r2
1þ r
l
 
er=l
xj
r
diqaq ð60Þ
Therefore, the strain tensor becomeseFij ¼ uFði;jÞ ¼
1
16plð1mÞ
1
r2
ð34mÞxjdiqþ xidjq
2r
þ2dijxqþ djqxiþ xjdiq
2r

3xixjxq
r3
	
aqþ 14pl
l2
r4
15 15þ15 rlþ6 r
2
l2
þ r3
l3
 
er=l
n o
xixjxq
r3
h
þ 3þ3r
l
þ r
2
l2
 
er=l3
 
dijxqþ djqxiþ diqxj
r
	
aq
þ 1
8pl
1
r2
1þ r
l
 
er=l
xidjqþ xjdiq
r
aq ð61Þ
Now, it is easily seen that
eFkk ¼ uFk;k ¼ 
1 2m
8plð1 mÞ
xq
r3
aq ð62Þ
Therefore, the symmetric part of the force-stress tensor becomes
rFðjiÞ ¼ 2l
m
1 2m e
F
kkdij þ eFij
 
¼  1
8pð1 mÞ
1
r2
ð1 2mÞ xjdiq þ xidjq  xqdij
r
þ 3xixjxq
r3
 	
aq
þ 1
2p
l2
r4
15 15þ 15 rl þ 6 r
2
l2
þ r3
l3
 
er=l
n o
xixjxq
r3
h
þ 3þ 3 r
l
þ r
2
l2
 
er=l  3
 
dijxq þ djqxi þ diqxj
r
	
aq
þ 1
4p
1
r2
1þ r
l
 
er=l
xidjq þ xjdiq
r
aq ð63Þ
Notice that the ﬁrst part of this relation is the force-stress tensor in
Cauchy elasticity.
For the rotation vector, we have
xF ¼ 1
2
r uF ¼ 1
2
r uð2Þ ¼ 1
2
r  1
4pl
1 er=l
r
a
 
ð64Þ
which gives
xFi ¼
1
8pl
1
r2
1þ r
l
 
er=l  1
h i eipqxp
r
aq ð65Þ
This can also be written as
xFi ¼ 
1
8pl
1
r2
eipqxp
r
aq þ 18pl
1
r2
1þ r
l
 
er=l
h i eipqxp
r
aq ð66Þ
where the ﬁrst part is the rotation from Cauchy elasticity.
Furthermore, the mean curvature vector is
jFi ¼
1
2
eijkxFk;j
¼ 1
16pl
1
r3
3 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xixq
r2
aq þ 116pl
 1
r3
1þ r
l
þ r
2
l2
 
er=l  1
 	
diqaq ð67Þ
Alternatively, we may write
jFi ¼
1
2
eijkxFk;j
¼ 1
16pl
1
r3
3xixq
r2
 diq
 	
aq þ 116pl
 1
r3
1þ r
l
þ r
2
l2
 
diq  3þ 3 rl þ
r2
l2
 
xixq
r2
 	
er=laq ð68Þ
where the ﬁrst part is the mean curvature vector from Cauchy
elasticity.
For the couple-stress vector, we have
lFi ¼ 8ll2jFi ¼
1
2p
l2
r3
3þ 3 r
l
þ r
2
l2
 
er=l  3
 	
xixq
r2
aq
 1
2p
l2
r3
1þ r
l
þ r
2
l2
 
er=l  1
 	
diqaq ð69Þ
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rF½ji ¼ lF½i;j ¼
1
4p
1
r2
1þ r
l
 
er=l
h i xidjq  xjdiq
r
aq ð70Þ
As a result the total force-stress tensor is
rFji ¼ rFðjiÞ þ rF½ji ¼ 
1
8pð1 mÞ
1
r2
 ð1 2mÞ xjdiq þ xidjq  xqdij
r
þ 3xixjxq
r3
 	
aq
þ 1
2p
l2
r4
15 15þ 15 rl þ 6 r
2
l2
þ r3
l3
 
er=l
n o
xixjxq
r3
h
þ 3þ 3 r
l
þ r
2
l2
 
er=l  3
 
dijxq þ djqxi þ diqxj
r
	
aq
þ 1
2p
1
r2
1þ r
l
 
er=l
h i xidjq
r
aq ð71Þ
Therefore, the force-traction vector becomes
tðnÞFi ¼rFjinj ¼
1
8pð1mÞ
1
r2
ð12mÞxjnjdiqþ xinq xqni
r
þ3xixjxq
r3
nj
 	
aq
þ 1
2p
l2
r4
15 15þ15 rlþ6 r
2
l2
þ r3
l3
 
er=l
n o
xixjxq
r3 nj
h
þ 3þ3r
l
þ r
2
l2
 
er=l3
 
nixqþnqxiþ diqxjnj
r
	
aq
þ 1
2p
1
r2
1þ r
l
 
er=l
xinq
r
aq ð72Þ
and the moment-traction vector is
mðnÞFi ¼ eijknjlFk ¼
1
2p
l2
r3
3 3þ 3 r
l
þ r
2
l2
 
er=l
 	
 xjnj
r
eipq  xinjr ejpq
  xp
r
aq þ 1p
l2
r3
1þ r
l
 
er=l  1
h i
eijqnjaq
ð73Þ
Finally, we can consider the following relations
uFi ¼ UFiqaq ð74Þ
xFi ¼ XFiqaq ð75Þ
rFji ¼ RFjiqaq ð76Þ
jFi ¼ KFiqaq ð77Þ
lFi ¼MFiqaq ð78Þ
tðnÞFi ¼ TFiqaq ð79Þ
mðnÞFi ¼ MFiqaq ð80Þ
where UFiq, X
F
iq, R
F
jiq, K
F
iq, M
F
iq, T
F
iq and M
F
iq represent the corresponding
displacement, rotation, force-stress, mean curvature, couple-stress,
force-traction and moment-traction, respectively, at x due to a unit
concentrated force in the q-direction at the origin. It is seen that
these Green’s functions are
UFiq ¼
1
16plð1mÞ
1
r
ð34mÞdiqþ xixqr2
h i
þ 1
4pl
 l
2
r3
3þ3r
l
þ r
2
l2
 
er=l3
 
xixq
r2
þ 1 1þ r
l
þ r
2
l2
 
er=l
 
diq
 	
ð81Þ
XFiq ¼
1
8pl
1
r2
1þ r
l
 
er=l  1
h i eipqxp
r
ð82ÞRFjiq ¼ 
1
8pð1 mÞ
1
r2
ð1 2mÞ xjdiq þ xidjq  xqdij
r
þ 3xixjxq
r3
 	
þ 1
2p
l2
r4
15 15þ 15 rl þ 6 r
2
l2
þ r3
l3
 
er=l
n o
xixjxq
r3
h
þ 3þ 3 r
l
þ r
2
l2
 
er=l  3
 
dijxq þ djqxi þ diqxj
r
	
þ 1
2p
1
r2
1þ r
l
 
er=l
h i xjdiq
r
ð83Þ
KFiq ¼
1
16pl
1
r3
3 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xixq
r2
aq
þ 1
16pl
1
r3
1þ r
l
þ r
2
l2
 
er=l  1
 	
diq ð84Þ
MFiq ¼
1
2p
l2
r3
3þ 3 r
l
þ r
2
l2
 
er=l  3
 	
xixq
r2
 1
2p
 l
2
r3
1þ r
l
þ r
2
l2
 
er=l  1
 	
diq ð85Þ
TFiq ¼ 
1
8pð1 mÞ
1
r2
ð1 2mÞ xjnjdiq þ xinq  xqni
r
þ 3xixjxq
r3
nj
 	
þ 1
2p
l2
r4
15 15þ 15 rl þ 6 r
2
l2
þ r3
l3
 
er=l
n o
xixqxjnj
r3
h
þ 3þ 3 r
l
þ r
2
l2
 
er=l  3
 
nixq þ nqxi þ diqxjnj
r
	
þ 1
2p
1
r2
1þ r
l
 
er=l
h i xinq
r
ð86Þ
MFiq ¼
1
2p
l2
r3
3 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xjnj
r
eipq  xinjr ejpq
  xp
r
þ 1
p
l2
r3
1þ r
l
 
er=l  1
h i
eijqnj ð87Þ3.2. Concentrated couple
Assume that in an inﬁnitely extended couple stress elastic
material there is a unit concentrated couple at the origin in the
arbitrary direction speciﬁed by the unit vector a. Therefore, we
represent this concentrated couple by the body couple
C ¼ dð3ÞðxÞa ð88Þ
As was mentioned previously, the effect of a body couple is equiv-
alent to the effect of a body force represented by
FC ¼ 1
2
r C ¼ 1
2
rdð3ÞðxÞ  a ð89Þ
or
FCi ¼
1
2
eijkdð3Þ;j ak ð90Þ
with a vanishing surface effect at inﬁnity. This shows that the dis-
placement ﬁeld of the concentrated couple C ¼ dð3ÞðxÞa is equivalent
to the rotation ﬁeld of the concentrated force F ¼ dð3ÞðxÞa. Therefore,
the solutions of the two problems are related, such that
uCi ¼
1
2
eijkuFk;j ¼ xFi ð91Þ
which gives
uCi ¼
1
8pl
1
r2
1þ r
l
 
er=l  1
h i eipqxp
r
aq ð92Þ
This can be written as
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1
8pl
1
r2
eipqxp
r
aq þ 18pl
1
r2
1þ r
l
 
er=l
h i eipqxp
r
aq ð93Þ
where the ﬁrst part of this relation is the displacement from Cauchy
elasticity.
From (92), we can see that the gradient of the displacement is
uCi;j ¼
1
8pl
1
r3
3 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xpxj
r2
eipqaq þ 18pl
 1
r3
1þ r
l
 
er=l  1
h i
eijqaq ð94Þ
Therefore, the strain tensor becomes
eCij ¼ uCði;jÞ
¼ 1
16pl
1
r3
3 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xj
r
eipq þ xir ejpq
  xp
r
aq ð95Þ
It is interesting to note that
eCkk ¼ uCk;k ¼ 0 ð96Þ
which means the deformation ﬁeld of a concentrated couple
C ¼ dðxÞa is equivoluminal. Therefore, the symmetric part of
force-stress tensor is
rCðjiÞ ¼ 2leCij ¼
1
8p
1
r3
3 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xjxp
r2
eipq þ xixpr2 ejpq
 
aq
ð97Þ
This can be written as
rCðjiÞ ¼
3
8p
1
r3
xj
r
eipq þ xir ejpq
  xp
r
aq  18p
 1
r3
3þ 3 r
l
þ r
2
l2
 
er=l
 	
xj
r
eipq þ xir ejpq
  xp
r
aq ð98Þ
where the ﬁrst part of this relation is the force-stress tensor in Cau-
chy elasticity.
For the rotation vector, we have
xCi ¼
1
2
eijkuCk;j
¼ 1
16pl
1
r3
3 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xixq
r2
aq þ 116pl
 1
r3
1þ r
l
þ r
2
l2
 
er=l  1
 	
diqaq ð99Þ
Alternatively, we may write
xCi ¼
1
16pl
1
r3
3xixq
r2
 diq
 	
aq þ 116pl
 1
r3
1þ r
l
þ r
2
l2
 
diq  3þ 3 rl þ
r2
l2
 
xixq
r2
 	
er=laq ð100Þ
where the ﬁrst part is the rotation from Cauchy elasticity.
Furthermore, the mean curvature vector is
jCi ¼
1
2
eijkxCk;j ¼ 
1
32pll2
1
r2
1þ r
l
 
er=l
h i eipqxp
r
aq ð101Þ
and therefore the couple-stress vector becomes
lCi ¼ 8ll2jCi ¼
1
4p
1
r2
1þ r
l
 
er=l
h i eipqxp
r
aq ð102Þ
It should be noticed that there is no mean curvature in Cauchy elas-
ticity for this loading.
The skew-symmetric part of lCi;j is
lC½i;j ¼ 
1
8p
1
r3
3þ 3 r
l
þ r
2
l2
 
er=l
 	
eipq
xjxp
r2
 ejpq xixpr2
 
aq
þ 1
4p
1
r3
1þ r
l
 
er=l
h i
eijqaq ð103ÞTherefore, the skew-symmetric part of force-stress tensor becomes
rC½ji ¼ lC½i;j ¼
1
8p
1
r3
3þ 3 r
l
þ r
2
l2
 
er=l
 	
eipq
xjxp
r2
 ejpq xixpr2
 
aq
 1
4p
1
r3
1þ r
l
 
er=l
h i
eijqaq ð104Þ
and the total force-stress tensor may be written as
rCji ¼
1
8p
3
r3
xjxp
r2
eipqaq þ 18p
1
r3
3 2 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xixp
r2
ejpqaq
 1
4p
1
r3
1þ r
l
 
er=l
h i
eijqaq ð105Þ
Then, the force-traction vector becomes
tCi ¼ rCjinj ¼
1
8p
3
r3
xjxp
r2
eipqnjaq
þ 1
8p
1
r3
3 2 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xixp
r2
ejpqnjaq
 1
4p
1
r3
1þ r
l
 
er=l
h i
eijqnjaq ð106Þ
and the couple-traction vector is given by
mCðnÞi ¼ eijknjlðCÞk ¼
1
4p
1
r2
1þ r
l
 
er=l
h i xidjq  xjdiq
r
njaq ð107Þ
Therefore, we can consider
uCi ¼ UCiqaq ð108Þ
xCi ¼ XCiqaq ð109Þ
rCji ¼ RCjiqaq ð110Þ
jCi ¼ KCiqaq ð111Þ
lCi ¼MCiqaq ð112Þ
tðnÞCi ¼ TCiqaq ð113Þ
mðnÞCi ¼ MCiqaq ð114Þ
where UCiq, X
C
iq, R
C
jiq, K
C
iq, M
C
iq, T
C
iq and M
C
iq represent the corresponding
displacement, rotation, force-stress, mean curvature, couple-stress,
force-traction and moment-traction, respectively, at x due to a unit
concentrated couple in the q-direction at the origin. From the above
development, it is easily seen that these inﬁnite space Green’s func-
tions are
UCiq ¼ XFiq ¼
1
8pl
1
r2
1þ r
l
 
er=l  1
h i
eipq
xp
r
ð115Þ
XCiq ¼
1
16pl
1
r3
3 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xixq
r2
 diq
 
 1
8pl
1
r3
1þ r
l
 
er=l  1
h i
diq ð116Þ
RCjiq ¼
1
8p
3
r3
xjxp
r2
eipq þ 18p
1
r3
3 2 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xixp
r2
ejpq
 1
4p
1
r3
1þ r
l
 
er=l
h i
eijq ð117Þ
KCi ¼ 
1
32pll2
1
r2
1þ r
l
 
er=l
h i eipqxp
r
ð118Þ
MCiq ¼
1
4p
1
r2
1þ r
l
 
er=l
h i eipqxp
r
ð119Þ
A.R. Hadjesfandiari, G.F. Dargush / International Journal of Solids and Structures 50 (2013) 1253–1265 1259TCiq ¼
1
8p
3
r3
xjxp
r2
eipqnj þ 18p
 1
r3
3 2 3þ 3 r
l
þ r
2
l2
 
er=l
 	
xixp
r2
ejpqnj  14p
 1
r3
1þ r
l
 
er=l
h i
eijqnj ð120Þ
MCiq ¼
1
4p
1
r2
1þ r
l
 
er=l
h i xinq  xjnjdiq
r
ð121Þ
Appendix B provides an investigstion of the singular behavior of
these three-dimensional fundamental solutions.
4. Fundamental solutions for two-dimensional case
In this section, we ﬁrst present the governing equations of size-
dependent couple stress elasticity in two-dimensions under plane
strain conditions. Then, we derive the complete two-dimensional
fundamental solutions with a similar method to that employed
in the three-dimensional case. In Hadjesfandiari and Dargush
(2012), we use these fundamental solutions within a two-dimen-
sional boundary element method.
4.1. Governing equations for two dimensions
We suppose that the media occupies a cylindrical region, such
that the axis of the cylinder is parallel to the x3-axis. Furthermore,
we assume the body is in a state of planar deformation parallel to
this plane, such that
ua;3 ¼ 0; u3 ¼ 0 in V ð122a;bÞ
where all Greek indices, here and throughout the remainder of the
paper, will vary only over the range 1 and 2. Also, let V ð2Þ and Sð2Þ
represent, respectively, the cross section of the body in the x1x2-
plane and its bounding edge in that plane.
As a result of these assumptions, all quantities are independent
of x3. Then, throughout the domain
xa ¼ 0; e3i ¼ ei3 ¼ 0; j3 ¼ 0 ð123a-cÞ
and
r3a ¼ ra3 ¼ 0; l3 ¼ l21 ¼ 0 ð124a;bÞ
Introducing the abridged notation
x ¼ x3 ¼ 12 eabub;a ð125Þ
where eab is the two-dimensional alternating symbol with
e12 ¼ e21 ¼ 1; e11 ¼ e22 ¼ 0 ð126Þ
we see that the non-zero components of the curvature vector are
ja ¼ 12 eabx;b ð127Þ
Therefore, the non-zero components of stresses are written
la ¼ 4ll2eabx;b ð128Þ
rðbaÞ ¼ keccdab þ 2leab ð129Þ
r½ba ¼ l½a;b ¼ 2ll2eabr2x ð130Þ
and for total stress
rba ¼ keccdab þ 2leab  2ll2ebar2x ð131Þ
All the other stresses are zero, apart from r33 and l3a, which are gi-
ven asr33 ¼ mrcc ð132Þ
l3a ¼ 4ll2x;a ð133Þ
Notice that the stresses in (132) and (133), acting on planes parallel
to the x1x2-plane, do not enter directly into the solution of the
boundary value problem.
For the planar problem, the stresses must satisfy the three equi-
librium equations
rba;b þ Fa ¼ 0 ð134Þ
lb3;b þ eabrab ¼ 0 ð135Þ
with the obvious requirement F3 ¼ 0. The moment equation can be
written as
r½ba ¼ l½a;b ð136Þ
which actually gives the non-zero components
r½21 ¼ r½12 ¼ l½1;2 ð137Þ
We also notice that the force-traction reduces to
tðnÞa ¼ rbanb ð138Þ
and the moment-traction has only one component m3. This can be
conveniently denoted by the abridged symbol m, where
mðnÞ ¼ mðnÞ3 ¼ ebalanb ¼ 4ll2
@x
@n
ð139Þ4.2. Concentrated force
Assume that there is a line load on the x3-axis with an intensity
of unity per unit length in the arbitrary direction speciﬁed by the
unit vector a in the x1x2-plane. This distributed load can be repre-
sented by the body force
F ¼ dð2ÞðxÞa ð140Þ
where dð2ÞðxÞ is the Dirac delta function in two-dimensional space. It
is known that
r2 1
2p
ln r
 
¼ dð2ÞðxÞ ð141Þ
where r is the distance from the origin to x in the x1x2-plane. By
applying the vectorial relation in (34) for the vector 12p ln ra, we
decompose the body force as
F ¼ r2 1
2p
ln r
 
a ¼ r r  ln ra
2p
 
r r ln ra
2p
 
ð142Þ
If we consider the decomposition of displacement uF as
uF ¼ uð1Þ þ uð2Þ ð143Þ
where uð1Þ and uð2Þ are the dilatational and solenoidal part of the
displacement vector uF satisfying
r uð1Þ ¼ 0 ð144Þ
r  uð2Þ ¼ 0 ð145Þ
then it is seen that
ðkþ 2lÞr2uð1Þ ¼ r r  ln ra
2p
 
ð146Þ
ll2r2r2uð2Þ  lr2uð2Þ ¼ r r ln ra
2p
 
ð147Þ
If we introduce two vectors Að1Þ and Að2Þ, such that
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uð2Þ ¼ r ðr Að2ÞÞ ¼ rðr  Að2ÞÞ  r2Að2Þ ð149Þ
which satisfy the conditions of (144) and (145), respectively, we
obtain
ðkþ 2lÞr2Að1Þ ¼  ln r
2p
a ð150Þ
ll2r2r2Að2Þ  lr2Að2Þ ¼  ln r
2p
a ð151Þ
Then, the solutions are in the form
Að1Þ ¼ ua ð152Þ
Að2Þ ¼ wa ð153Þ
where u and w are scalar functions of r having two-dimensional ra-
dial symmetry. Therefore
r2u ¼  1
2pðkþ 2lÞ ln r ð154Þ
l2r2r2wr2w ¼  1
2pl
ln r ð155Þ
In two-dimensions, with radial symmetry, the laplacian r2 reduces
to
r2 ! d
2
@r2
þ 1
r
d
dr
ð156Þ
and the regular solutions to (154) and (155) are
u ¼  1
8pðkþ 2lÞ ðr
2 ln r  r2Þ ð157Þ
w ¼ l
2
2pl
K0
r
l
 
þ ln r
h i
þ 1
8pl
ðr2 ln r  r2Þ ð158Þ
where K0 is the modiﬁed Bessel function of the second kind of zer-
oth order. Therefore,
Að1Þ ¼  1
8pðkþ 2lÞ ðr
2 ln r  r2Þa ð159Þ
Að2Þ ¼ l
2
2pl
K0
r
l
 
þ ln r
h i
aþ 1
8pl
ðr2 ln r  r2Þa ð160Þ
Then, from (148)
uð1Þa ¼ 
1 2m
16plð1 mÞ 2
xaxq
r2
þ ð2 ln r  1Þdaq
h i
aq ð161Þ
and from (149)
uð2Þa ¼ w;aq 
1
2pl K0
r
l
 
þ ln r
h i
daq
 
aq ð162Þ
By using the relations
@
@r
K0
r
l
 
¼ 1
l
K1
r
l
 
ð163Þ
@
@r
K1
r
l
 
¼ 1
l
K0
r
l
 
 1
r
K1
r
l
 
ð164Þ
where K1 is the modiﬁed Bessel function of the second kind of ﬁrst
order, we obtainuð2Þa ¼ þ
1
8pl
2
xaxq
r2
 ð2 ln r þ 1Þdaq
h i
aq
þ 1
2pl
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
xaxq
r2
aq
 1
2pl
K0
r
l
 
þ l
r
K1
r
l
 
 l
2
r2
" #
daqaq ð165Þ
It should be noticed that there are rigid body translation terms in
uð1Þa and u
ð2Þ
a that cannot affect stress distrributions. These terms
can be neglected in this Green’s function for stress analysis. There-
fore, by ignoring these rigid body terms and using
uFa ¼ uð1Þa þ uð2Þa ð166Þ
we obtain
uFa ¼ 
1
8plð1 mÞ ð3 4mÞ ln rdaq 
xaxq
r2
h i
aq
þ 1
2pl
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
xaxq
r2
aq
 1
2pl K0
r
l
 
þ l
r
K1
r
l
 
 l
2
r2
" #
daqaq ð167Þ
For the gradient of displacements, we have
uFa;b ¼
1
8plð1mÞr ð34mÞ
xbdaq
r
xadbqþxqdab
r
þ2xaxbxq
r3
 	
aq
þ 1
2plr K0
r
l
 
þ2l
r
K1
r
l
 
2l
2
r2
" #
dabxqþdbqxaþxbdaq
r
4xaxbxq
r3
 
aq
þ 1
2pll
K1
r
l
  xbdaq
r
xaxbxq
r3
 
aq
ð168Þ
Therefore, the strain tensor becomes
uFða;bÞ ¼eFab
¼ 1
8plð1mÞr ð12mÞ
xbdaqþxadbq
r
dabxq
r
þ2xaxbxq
r3
 	
aq
þ 1
2plr K0
r
l
 
þ2l
r
K1
r
l
 
2l
2
r2
" #
dabxqþdbqxaþdaqxb
r
4xaxbxq
r3
 
aq
þ 1
4pll
K1
r
l
  dbqxaþdaqxb
r
2xaxbxq
r3
 
aq
ð169Þ
This relation shows that
eFcc ¼ eð1Þcc ¼ 
1 2m
4plð1 mÞ
xq
r2
aq ð170Þ
Therefore, the symmetric part of the force-stress tensor is
rFðbaÞ ¼ 2l
m
12me
F
ccdabþ eFab
 
¼ 1
4pð1mÞr ð12mÞ
dbqxaþ daqxb dabxq
r
þ2xaxbxq
r3
 	
aq
þ 1pr K0
r
l
 
þ2l
r
K1
r
l
 
2l
2
r2
" #
dabxqþ dbqxaþ daqxb
r
4xaxbxq
r3
 
aq
þ 1
2plK1
r
l
  dbqxaþ daqxb
r
2xaxbxq
r3
 
aq
ð171Þ
Next, we consider rotations and note that the only non-zero in-
plane component is
xF ¼ 1
2
eabuFb;a ¼
1
4pll
K1
r
l
 
 l
r
 	
eaqxa
r
aq ð172Þ
A.R. Hadjesfandiari, G.F. Dargush / International Journal of Solids and Structures 50 (2013) 1253–1265 1261Then, the mean curvature components are
jFa ¼
1
2
eabxF;b
¼  1
8pll2
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
xaxq
r2
aq
þ 1
8pll2
K0
r
l
 
þ l
r
K1
r
l
 
 l
2
r2
" #
daqaq ð173Þ
Therefore, the couple-stress vector becomes
lFa ¼ 8ll2jFa
¼ 1
p
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
xaxq
r2
aq
 1
p
K0
r
l
 
þ l
r
K1
r
l
 
 l
2
r2
" #
daqaq ð174Þ
and the skew-symmetric part of the force-stress tensor can be
written
rF½ba ¼ lF½a;b ¼
1
2pl
K1
r
l
  xadbq  xbdaq
r
aq ð175Þ
with non-zero components
rF½21 ¼ rF½12 ¼
1
2pl
K1
r
l
  x1a2  x2a1
r
ð176Þ
Therefore, the total force-stress tensor is
rFba ¼rFðbaÞ þrF½ba
¼  1
4pð1mÞr ð12mÞ
dbqxaþ daqxb dabxq
r
þ2xaxbxq
r3
 	
aq
þ 1pr K0
r
l
 
þ2l
r
K1
r
l
 
2l
2
r2
" #
dabxqþ dbqxaþ daqxb
r
4xaxbxq
r3
 
aq
þ 1plK1
r
l
  dbqxa
r
 xaxbxq
r3
 
aq
ð177Þ
and for the force-traction vector, we have
tðnÞFa ¼ rFbanb ¼ 
1
4pð1 mÞr
 ð1 2mÞnqxa þ daqxbnb  naxq
r
þ 2 xaxqxbnb
r3
 	
aq
þ 1
pr
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
 naxq þ nqxa þ daqxbnb
r
 4xaxqxbnb
r3
 
aq
þ 1
pl
K1
r
l
  nqxa
r
 xaxqxbnb
r3
 
aq ð178Þ
Meanwhile, for moment-traction, we obtain
mðnÞ ¼ ebalFanb
¼ 1
p
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
ebaxaxqnb
r2
aq
 1
p
K0
r
l
 
þ l
r
K1
r
l
 
 l
2
r2
" #
ebqnbaq ð179Þ
Finally, we can consider the following relations
uFa ¼ UFaqaq ð180Þ
xF ¼ XFqaq ð181ÞrFba ¼ RFbaqaq ð182Þ
jFa ¼ KFaqaq ð183Þ
lFa ¼ MFaqaq ð184Þ
tðnÞFa ¼ TFaqaq ð185Þ
mðnÞF ¼ MFqaq ð186Þ
where the fundamental solutions UFaq, R
F
baq, K
F
aq; M
F
aq and T
F
aq repre-
sent the corresponding displacement, force-stress, mean curvature,
couple-stress and force-traction, respectively, at x due to a unit con-
centrated force in the q-direction at the origin. Furthermore, the
Green’s functions XFq and M
F
q represent the corresponding rotation
and moment-traction, respectively, at x. From the above relations,
one can establish
UFaq ¼ 
1
8plð1 mÞ ð3 4mÞ ln rdaq 
xaxq
r2
h i
þ 1
2pl
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
xaxq
r2
 1
2pl
K0
r
l
 
þ l
r
K1
r
l
 
 l
2
r2
" #
daq ð187Þ
XFq ¼
1
4pll
K1
r
l
 
 l
r
 	
eaqxa
r
ð188Þ
RFbaq ¼
1
4pð1mÞr ð12mÞ
dbqxaþdaqxbdabxq
r
þ2xaxbxq
r3
 	
þ 1pr K0
r
l
 
þ2l
r
K1
r
l
 
2l
2
r2
" #
dabxqþ dbqxaþ daqxb
r
4xaxbxq
r3
 
þ 1plK1
r
l
  dbqxa
r
 xaxbxq
r3
 
ð189ÞKFaq ¼ 
1
8pll2
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
xaxq
r2
þ 1
8pll2
K0
r
l
 
þ l
r
K1
r
l
 
 l
2
r2
" #
daq ð190Þ
MFaq ¼
1
p
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
xaxq
r2
 1
p
K0
r
l
 
þ l
r
K1
r
l
 
 l
2
r2
" #
daq ð191Þ
TFaq¼
1
4pð1mÞr ð12mÞ
nqxaþdaqxbnbnaxq
r
þ2xaxqxbnb
r3
 	
þ 1
pr
K0
r
l
 
þ2l
r
K1
r
l
 
2l
2
r2
" #
naxqþnqxaþdaqxbnb
r
4xaxqxbnb
r3
 
þ 1plK1
r
l
  nqxa
r
xaxqxbnb
r3
 
ð192Þ
MFq ¼
1
p
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
ebaxaxqnb
r2
 1
p
K0
r
l
 
þ l
r
K1
r
l
 
 l
2
r2
" #
ebqnb ð193Þ
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Now, assume that there is a line distribution of couple load
along the x3-axis with unit intensity per unit length. This distrib-
uted load can be represented by a body couple
C ¼ dð2ÞðxÞe3 ð194Þ
As we mentioned earlier, similarly to the three-dimensional case,
the effect of a body couple in an inﬁnite domain is equivalent to
the result of a body force represented by
FC ¼ 1
2
r C ¼ 1
2
rdð2ÞðxÞ  e3 ¼ 12 eabd
ð2Þ
;b ea ð195Þ
Therefore, the solutions of the two problems of concentrated force
F ¼ dð2ÞðxÞa and concentrated couple C ¼ dð2ÞðxÞe3 are related, such
that
uC ¼ 1
2
eabUFca;bec ð196Þ
or
uCa ¼
1
2
ecbUFac;b ð197Þ
Thus, we have
uCa ¼
1
4pll
K1
r
l
 
 l
r
 	
eacxc
r
ð198Þ
and we can write the gradient of displacement as
uCa;b ¼ 
1
4pll2
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
eacxcxb
r2
þ 1
4pll
 1
r
K1
r
l
 
 l
r
 	
eab ð199Þ
Therefore, the strain tensor is
eCab ¼ 
1
8pll2
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
eacxcxb þ ebcxcxa
r2
ð200Þ
It is interesting to note that
eCcc ¼ uCc;c ¼ 0 ð201Þ
which means the deformation ﬁeld of a concentrated couple is equi-
voluminal, a property shared by the three-dimensional case. Then,
the symmetric part of the force-stress tensor is
rCðbaÞ ¼ 2leCba
¼  1
4pl2
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
eacxcxb þ ebcxcxa
r2
ð202Þ
We also have for in-plane rotation
xC ¼ 1
2
eabuCb;a ¼
1
8pll2
K0
r
l
 
ð203Þ
and the mean curvature vector is
jCa ¼
1
2
eabxC;b ¼ 
1
16pll3
K1
r
l
  eabxb
r
ð204Þ
Therefore, the couple-stress vector becomes
lCa ¼ 8ll2jCa ¼
1
2pl
K1
r
l
  eabxb
r
ð205Þ
For the skew-symmetric part of force-stress tensor, we have
rF½ba ¼ lF½a;b ¼
1
4pl2
K0
r
l
 
eab ð206Þwith the non-zero components
rC½21 ¼ rC½12 ¼
1
4pl2
K0
r
l
 
ð207Þ
Therefore, for the total force-stress tensor, we have
rCba ¼ rCðbaÞ þ rC½ba
¼  1
4pl2
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
eacxcxb þ ebcxcxa
r2
þ 1
4pl2
K0
r
l
 
eab ð208Þ
The corresponding force-traction vector then becomes
tðnÞCa ¼ rCbanb
¼  1
4pl2
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
eacxcxbnb þ ebcxcxanb
r2
þ 1
4pl2
K0
r
l
 
eabnb
ð209Þ
and the moment-traction is given by
mðnÞC ¼ ebalFanb ¼ 
1
2pl K1
r
l
  xbnb
r
ð210Þ
Finally, we have all of the necessary Green’s functions or inﬂuence
functions for the two-dimensional case, which can be written
UCa ¼ uCa ¼
1
4pll
K1
r
l
 
 l
r
 	
eacxc
r
ð211Þ
XC ¼ xC ¼ 1
8pll2
K0
r
l
 
ð212Þ
RCba ¼ rCba
¼  1
4pl2
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
eacxcxb þ ebcxcxa
r2
þ 1
4pl2
K0
r
l
 
eab ð213Þ
KCa ¼ jCa ¼ 
1
16pll3
K1
r
l
  eabxb
r
ð214Þ
MCa ¼ lCa ¼
1
2pl
K1
r
l
  eabxb
r
ð215Þ
TCa ¼ tðnÞCa
¼  1
4pl2
K0
r
l
 
þ 2l
r
K1
r
l
 
 2l
2
r2
" #
eacxcxbnb þ ebcxcxanb
r2
þ 1
4pl2
K0
r
l
 
eabnb ð216Þ
MC ¼ mðnÞC ¼  1
2pl
K1
r
l
  xbnb
r
ð217Þ
where UCa , R
C
ba, K
C
a , M
C
a and T
C
a represent, respectively, the corre-
sponding displacement, force-stress, mean curvature, couple-stress
and force-traction at x caused by a unit in-plane concentrated cou-
ple at the origin. Meanwhile, XC and MC represent, respectively, the
corresponding rotation and moment-traction at x due to this unit
in-plane concentrated couple at the origin.
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We have derived the three- and two-dimensional fundamental
solutions for isotropic size-dependent elasticity, based upon the
fully determinate couple stress theory. Recall that this new theory
resolves all of the difﬁculties present in previous attempts to con-
struct a viable size-dependent elasticity. Furthermore, since in this
theory, body couples do not appear in the constitutive relations
and everything depends on only a single size-dependent material
constant, all expressions for the fundamental solutions are ele-
gantly consistent and quite useful in practice. In particular, these
solutions can be used directly as inﬂuence functions to analyze
inﬁnite domain problems or as kernels in integral equations for
numerical analysis. For example, a boundary element method for
plane problems of couple stress elasticity is developed by Hadjesf-
andiari and Dargush (2012), based upon these fundamental solu-
tions. Future work will include the formulation of boundary
element methods for linear elastic fracture mechanics and for
three-dimensional couple stress problems.
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Appendix A. Mindlin–Tiersten–Koiter indeterminate couple
stress theory
In the indeterminate theory of Mindlin and Tiersten (1962) and
Koiter (1964), the curvature tensor is deﬁned by
~jij ¼ xj;i ðA:1Þ
This inconsistent curvature tensor, which is the source of all trou-
bles in the indeterminate theory, does not require any restriction
on the form of the couple-stress tensor lij. This is seen by decom-
posing the general tensor lij into spherical l
ðSÞ
ij and deviatoric l
ðDÞ
ij
parts in the following manner:
lij ¼ lðSÞij þ lðDÞij ðA:2Þ
where
lðSÞij ¼
1
3
lkkdij ðA:3Þ
is indeterminate. By denoting
Q ¼ 1
3
lkk ðA:4Þ
the couple-stress tensor can be written as
lij ¼ Qdij þ lðDÞij ðA:5Þ
The indeterminacy Q then carries into the skew-symmetrical part of
the force-stress tensor, such that
r½ji ¼ 12 eijkllk;l ¼
1
2
eijkQ ;k þ
1
2
eijklðDÞlk;l ðA:6Þ
However, this indeterminacy does not affect the force equilibrium
equation (1), since
r½ji;j ¼ 12 eijkQ ;kj þ
1
2
eijklðDÞlk;lj ¼
1
2
eijklðDÞlk;lj ðA:7Þ
For linear isotropic elastic material within the indeterminate the-
ory, we have the following constitutive relations for the symmetric
part of the force-stress and couple-stress tensors, respectively,
rðjiÞ ¼ kekkdij þ 2leij ðA:8ÞlðDÞij ¼ 4g~jij þ 4g0 ~jji ¼ 4gxj;i þ 4g0xi;j ðA:9Þ
where the material constants g and g0 account for couple-stress ef-
fects. Then, by using (A.5) and (A.6), we obtain
lij ¼ Qdij þ 4gxj;i þ 4g0xi;j ðA:10Þ
r½ji ¼ 12 eijkQ ;k þ 2geijkr
2xk ðA:11Þ
for the couple-stress tensor and the skew-symmetric part of the
force-stress tensor. Therefore, the total force-stress tensor becomes
rji ¼ 12 eijkQ ;k þ kekkdij þ 2leij þ 2geijkr
2xk ðA:12Þ
which is independent of the elastic constant g0. However, for the
equilibrium equation in terms of the displacement, we obtain ex-
actly the same equation as (30)
ðkþ lþ gr2Þuk;ki þ ðl gr2Þr2ui þ Fi ¼ 0 ðA:13Þ
The elastic energy density for the indeterminate theory is
W ¼ We þW ~j ¼ 12rðjiÞeij þ
1
2
lji~jij
¼ 1
2
kðekkÞ2 þ leijeij þ 2g~jij~jij þ 2g0~jij~jji ðA:14Þ
where the positive-deﬁnite elastic energy condition requires
3kþ 2l > 0; l > 0; g > 0; 1 < g
0
g
< 1 ðA:15Þ
Since g0 only appears in the constitutive relation for couple stress
(A.10), it might seem that the present fully consistent theory is just
a special case of the isotropic linear indeterminate theory, obtained
by letting
g0 ¼ g ¼ ll2 ðA:16Þ
and ignoring the indeterminacy term (i.e, Q ¼ 0). However, this is
not mathematically valid for two reasons. First, the indeterminacy
Q cannot simply be ignored in such an arbitrary manner and, sec-
ond, the special case (A.16) is not even included in condition
(A.15) for the indeterminate couple stress theory.
This peculiarity is the result of the deﬁnition of the different
measures of curvature used in these theories. By inspecting the
curvature tensor ~jij ¼ xj;i in the indeterminate theory, we realize
that this theory attributes couple-stresses to some deformations,
which are not associated with couple-stresses in the present deter-
minate theory. In particular, the indeterminate theory requires the
existence of couple-stresses even when xj;i is symmetric, such as
in the torsion of circular shafts and anti-plane deformaton. For
these cases, the couple-stress tensor lij and its corresponding elas-
tic energy W ~j are
lij ¼ Qdij þ 4ðgþ g0Þxi;j ðA:17Þ
W ~j ¼ 2ðgþ g0Þxi;jxi;j ðA:18Þ
Their existence requires one to exclude the special case (A.16).
However, in the present determinate theory, the mean curva-
ture tensor is the consistent measure of curvature, where jij ¼ 12
ðxi;j xj;iÞ. For symmetric xi;j, there is no mean curvature
jij ¼ 12 ðxi;j xj;iÞ ¼ 0 ðA:19Þ
which does not require existence of couple-stresses. This has been
demonstrated for the torsion of circular shafts and anti-plane
deformaton in Hadjesfandiari and Dargush (2011).
Therefore, the present determinate theory is not mathemati-
cally a special case of indeterminate theory obtained by letting
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This is just a coincidence for the linear isotropic case, where
equations in both theories have some similarities. It should be real-
ized that the determinate theory is not simply about ﬁxing the con-
stitutive equations for linear isotropic couple stress theory of
elasticity. The present size-dependent couple stress theory is the
consistent couple stress theory in continuum mechanics. This has
been achieved by discovering the skew-symmetric character of
the couple-stress tensor. Mindlin, Tiersten and Koiter did not rec-
ognize the mean curvature tensor as the consistent measure of
deformation in continuum mechanics.Table 1
Singularity of three-dimensional concentrated force fundamental solutions.
Classical Cauchy elasticity Size-dependent elasticity
UFiq Weak singular Weak singular
XFiq Strong singular Regular
KFiq Hyper singular Weak singular
MFiq Not deﬁned Weak singularPF
jiq
Strong singular Strong singular
TFiq Strong singular Strong singular
MFiq Not deﬁned Weak singularAppendix B. Singular behavior of three-dimensional
fundamental solutions
By using the Maclaurin series
1þ r
l
 
er=l ¼ 1 r
2
2l2
þ r
3
3l3
    ðB:1Þ
1þ r
l
þ r
2
l2
 
er=l ¼ 1þ r
2
2l2
 2r
3
3l3
þ    ðB:2Þ
3þ 3 r
l
þ r
2
l2
 
er=l ¼ 3 r
2
2l2
þ r
4
8l4
þ    ðB:3Þ
15þ 15 r
l
þ 6 r
2
l2
þ r
3
l3
 
er=l ¼ 15 3r
2
2l2
þ r
4
8l4
þ    ðB:4Þ
we obtain the Laurent series around the origin r ¼ 0 for the
three-dimensional concentrated force fundamental solutions as
follows:
UFiq ¼
1
16pl
1 2m
1 m
1
r
diq  xixqr2
h i
þ 1
4pll2
r
8
   
  xixq
r2
þ 2
3
l 3
8
r þ   
 
diq
 	
ðB:5Þ
XFiq ¼
1
8pl
1
l2
1
2
þ r
3l
 r
2
8l2
þ   
 
eipqxp
r
ðB:6Þ
KFiq ¼
1
32pll2
1
r
xixq
r2
þ diq
 
 1
128pll4
ðr    Þ xixq
r2
 1
24pll3
1 9r
16l
þ   
 
diq ðB:7Þ
MFiq ¼ 
1
4p
1
r
xixq
r2
þ diq
 
þ 1
16pl2
ðr    Þ xixq
r2
þ 1
3pl
1 9r
16l
þ   
 
diq ðB:8Þ
RFðjiÞq ¼ 
1
8pð1 mÞ
 1
r2
ð1 2mÞ xjdiq þ xidjq
r
 3 xixjxq
r3
 
þ dijxq
r
 	
þ 1
2p
 1
l2
1
8
þ   
 
xixjxq
r3
þ 1
8
   
 
dijxq þ djqxi þ diqxj
r
 	
 1
8p
1
l2
1 2r
3l
þ r
2
4l2
   
 
xidjq þ xjdiq
r
ðB:9ÞRF½jiq ¼
1
4p
1
r2
xidjq  xjdiq
r
 1
8p
 1
l2
1 2r
3l
þ r
2
4l2
   
 
xidjq  xjdiq
r
ðB:10Þ
RFjiq ¼ 
1
8pð1 mÞ
1
r2
ð3 4mÞxjdiq  xidjq þ dijxq
r
 3ð1 2mÞ xixjxq
r3
 	
þ 1
2p
1
l2
1
8
þ   
 
xixjxq
r3
þ 1
8
   
 
dijxq þ djqxi þ diqxj
r
 	
 1
4p
1
l2
1 2r
3l
þ r
2
4l2
   
 
xidjq
r
ðB:11Þ
Meanwhile, for the three-dimensional concentrated couple funda-
mental solutions, we have:
UCiq ¼
1
8pl
1
l2
1
2
þ r
3l
 r
2
8l2
þ   
 
eipqxp
r
ðB:12Þ
XCiq ¼
1
32pll2
1
r
xixq
r2
þ diq
 
 1
128pll4
ðr    Þ xixq
r2
 1
24pll3
1 9r
16l
þ   
 
diq ðB:13Þ
KCiq ¼ 
1
32pll2
1
r2
eipqxp
r
þ 1
64pll4
1 2r
3l
þ r
2
4l2
   
 
eipqxp
r
ðB:14Þ
MCiq ¼
1
4p
1
r2
eipqxp
r
 1
8pl2
1 2r
3l
þ r
2
4l2
   
 
eipqxp
r
ðB:15Þ
RCðjiÞq ¼
1
16pl2
1
r
xj
r
eipq þ xir ejpq
  xp
r
 1
64l4
ðr    Þ xj
r
eipq þ xir ejpq
  xp
r
ðB:16Þ
RC½jiq ¼
3
8p
1
r3
eipq
xjxp
r2
 ejpq xixpr2
 
 1
4p
1
r3
eijq
 1
16pl2
1
r
eipq
xjxp
r2
 ejpq xixpr2
 
þ 1
8pl2
1
r
eijq
þ 1
64pl4
ðr    Þ eipq xjxpr2  ejpq
xixp
r2
 
 1
12pl3
1 3r
8l
þ   
 
eijq ðB:17Þ
RCjiq ¼
3
8p
1
r3
eipq
xjxp
r2
 ejpq xixpr2
 
 1
4p
1
r3
eijq þ 1
8pl2
1
r
ejpq
xixp
r2
þ 1
8pl2
1
r
eijq  1
32pl4
ðr    Þejpq xixpr2
 1
12pl3
1 3r
8l
þ   
 
eijq ðB:18Þ
Table 2
Singularity of three-dimensional concentrated couple fundamental solutions.
Classical Cauchy elasticity Size-dependent elasticity
UCiq Strong singular Regular
XCiq Hyper singular Weak singular
KCiq 0 Strong singular
MCiq Not deﬁned Strong singular
RCjiq Hyper singular Weak and hyper singular
TCiq Hyper singular Weak and hyper singular
MCiq Not deﬁned Strong singular
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singularities 1r , strong singularities
1
r2 and hyper singularities
1
r3.
Tables 1 and 2 summarize all singularities for the three-
dimensional fundamental solutions, along with their correspond-
ing ones in Cauchy elasticity.
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